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 .Let S be the class of functions f z which are analytic and univalent in the open
 . X .unit disk U with f 0 s 0 and f 0 s 1. The nth partial sums of the Libera
 .  .  .integral operator F z for f z g S are denoted by S z, F . In the present paper,n
 .the starlikeness property of S z, F is proved. Q 1997 Academic Pressn
1. INTRODUCTION
 .Let A be the class of functions f z of the form
`
kf z s z q a z , 1.1 .  . k
ks2
 < < 4which are analytic in the open unit disk U s z: z g C and z - 1 . Let S
U  .  .and S a denote the subclasses of A consisting of functions f z which
 .are respectively univalent and starlike of order a 0 O a - 1 in U. Also
U  . Uwe denote S 0 s S when a s 0.
 .  .For f z in A, the Libera integral operator F z is given by
`z2 2
kF z s f t dt s z q a z . 1.2 .  .  .H kz k q 10 ks2
444
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 .Then, it is well known that if f z is convex, starlike, or close-to-convex in
 .U, then the Libera integral operator F z has the same property. In 1977,
w x  .  .  .Mocanu, Reade, and Ripeanu 6 proved that F z g S* a if f z g
U  . w x  .S a , where a s 0.294 . . . . Campbell and Singh 2 showed that if f z is
 .merely univalent or spiral-like in U, then F z is not necessarily so. This
 w x.negative property suggests some open problems cf. Goodman 4 .
 .For functions f z belonging to S, we define nth sums of the Libera
 .integral operator F z by
n 2
kS z , F s z q a z . 1.3 .  .n kk q 1ks2
w x  .  . < <Wu 8 showed that S z, F and S z, F are univalent in z - 3r8. In2 3
 . < <the present paper, we derive that S z, F is starlike in z - 3r8 for alln
n P 2.
2. MAIN THEOREM
 .Our main theorem for S z, F is contained inn
 .  . < <THEOREM. If f z belongs to S, then S z, F is starlike in z - 3r8 forn
all n P 2. The number 3r8 is sharp.
Proof. We note that the theorem is trivial and sharp for n s 2.
 . w xi The case n P 5. By Mocanu, Reade, and Ripeanu 6 , we know
 . U  . < < U U  .that F z g S a with a s 0.294 . . . in z - r , where r s tanh pr4
 .  .  .  .s 0.65579 . . . . Let us define R z by F z s S z, F q R z . Thenn n n
zSX z , F .n
I s Re  5S z , F .n
X X XzF z zF z rF z R z y zR z .  .  .  .  . . n nP Re y 5F z F z y R z .  .  .n
X X XzF z zF z rF z R z q zR z .  .  .  .  .n nP Re y . 2.1 . 5F z F z y R z .  .  .n
w x < <  .  .Using the de Branges theorem 3 that a O k k s 2, 3, 4, . . . for f z gk
S, we get
51 1 k
kR z O 2 log 1 y r q y r .  . n  5r 1 y r 1 q kks1
s a r 2.2 .  .1
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< <  .for z s r O 3r8 with a 3r8 s 0.00771217 . . . and1
5 21 1 2 r y 1 k
X ky1R z O 2 log q y r . n 2 2 / 51 y r 1 q kr r 1 y r . ks1
s a r 2.3 .  .2
< <  .for z s r O 3r8 with a 3r8 s 0.136055314 . . . .2
 U . U U  .Noting that F r z rr g S a with a s 0.294 . . . , one can obtain that
 .y2 1yar
F z P r 1 q s a r 2.4 .  .  .3U /r
U  . < <  .for r s tanh pr4 s 0.65579 . . . and z s r O 3r8 with a 3r8 s3
0.198018986 . . . .
 .Let the function p z be defined by
rU zFX rU z .
p z s . . UF r z .
 .   ..Then we have that p 0 s 1 and Re p z ) a for z g U. It follows that
1 q 1 y 2a eyi t z .2p
p z s dm t .  .H yi t1 y e z0
 .  .with m 2p y m 0 s 1. This gives us that
2
p z y p z dm t dm t .  .  .  .2p 2p1 2O 4 1 y a . H H2 2yi t yi tz y z < < < <1 y e z 1 y e z0 01 1
2 Re p z y a 2 Re p z y a .  . . .  . .1s 2.5 .2 2< < < <1 y z 1 y z1
 .for z g U and z g U with z / z . Note that 2.5 is an extension of a1 1
well-known distortion theorem for functions having positive real parts cf.
w x.1, Theorem 1; 4 .
 .Letting z s 0 in 2.5 , we see that1
22 2< < < <1 y z 1 y 1 y 2a z .2Re p z P p z q , .  . . 2 2< < < <2 1 q 1 y 2a z 2 1 q 1 y 2a z .  . .  .
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or
2X XU 2 2zF z r y r zF z .  .
Re P
U 2 2 5F z F z .  .2 r q 1 y 2a r . .
2U 2 2r y 1 y 2a r .
q 2.6 .U 2 22 r q 1 y 2a r . .
< < U  .for z s r - r . If r s 3r8, then 2.6 becomes
2X XzF z zF z .  .
Re P a q a , 2.7 .4 5 5F z F z .  .
 U . Uwhere a s 0.296553991 . . . and a s 0.416180244 . . . . Since F r z rr4 5
U  .g S a , using the combined growth and distortion theorem, we have
XzF z .
r s P a s 0.486316319 . . . . 2.8 .6F z .
 .  .  .  .  .Substituting 2.2 , 2.3 , 2.4 , and 2.7 into 2.1 , we obtain
a r 3a1 22I P a r y q a y s f r .4 5a y a 8 a y a .3 1 3 1
P f a s 0.1985 . . . . 2.9 .  .6
< <This implies that I ) 0 for z O 3r8. Therefore, the theorem is true for
n P 5.
 .ii The case n s 3. Let us put a s x q iy and a s u q i¨ . Then2 3
we need to prove that
X 2zS z , F z S z , F .  .3 2XRe s Re S z , F ) 0 2.10 .  .3 5 5S z , F S z , F z .  .3 3
< < Ufor z - 3r8. Using the rotation property for the classes S and S , it is
 .enough to prove 2.10 for z s r s 3r8. Now, we have
S z , F 1 3 45 243 .3X 2 2Re S z , F s x q x q xu q u .3 5z 8 4 512 16384
21 45 81 9
2q y q ¨ q 1 y ¨ q u /8 128 131072 32
1 3 45 9
2P x q x q xu q u
8 4 512 32
243 130343
2q u q
16384 11072
s F x , u . 2.11 .  .
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Since
`1 b2 ky1s z q  2 ky12 z’f 1rz . ks1
with b s ya r2, b s 3a2r8 y a r2, and1 2 3 2 3
3 5 1
3b s a a y a y a 2.12 .5 2 3 2 44 16 2
< <  w x.is univalent in z ) 1 cf. 4 , the area theorem gives us that
< < 2 < < 2b q 3 b O 1,1 3
or that
< < 2 < < 2b q 3 b1 3
2 21 3 3 3 3
2 2 2 2s x q y q x y y y u q xy y ¨ .  . /  /4 4 4 4 2
O 1.
This implies that
1r22 23 4 y x q y .
2 2x y y y u O , .  /4 3
or
1r22 23 3 4 y x q y .
2 2 2x O u q x q y q . .  /2 4 3
 .Let us define the function f r by
1r23 4 y r
f r s r q .  /4 3
2 2  .with r s x q y 0 O r O 4 . Since
y1r23 1 4 y r
Xf r s y , .  /4 6 3
X ’ .  .  .f r s 0 for r s 104r27. Noting that f r s 28r9, f 0 s 2r 3 ,0 0 0
 .and f 4 s 3, we obtain
max f r s f r s 28r9. .  .0
0OrO4
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Therefore, we have that
1r22 23 3 4 y x q y 28 .
2 2 2x O u q x q y q O u q . 2.13 . .  /2 4 3 9
Since
­ F x , u 45 9 243 .
s x q q u
­ u 512 32 8192
45 9 729
P y q y
256 32 8192
) 0,
we have
F x , u P F x , 3 x 2r2 y 28r9 .  .
2 22187 160 3419 2928
2s x x q q x q /  /65536 81 12288 3419
130343 2650135
q y
131072 3501056
P 0.2. 2.14 .
This proves that
zSX z , F 3 .3
< <Re ) 0 z - . 5  /S z , F 8 .3
 .iii The case n s 4. Letting a s s q it, we prove the inequality4
3 8 3
X2560 Re S , F S , F s H x , y , u , ¨ , s, t ) 0, 2.15 .  .4 4 5 /  / /8 3 8
where
H x , y , u , ¨ , s, t s 2560 q 1920 x q 320 x 2 q y2 .  .
q 720u q 225 xu q y¨ q 270 s .
31
2 2q 81 xs q yt q 37 q u q ¨ .  . /32
89 37
2 2q 4 q s q t q 26 q us q ¨t .  . /  /160 64
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P 2560 q 1920 x q 320 x 2 q y2 q 720u .
q 225 xu q y¨ q 270 s q 81 xs q yt .  .
q 37 u2 q ¨ 2 q 4 s2 q t 2 q 26 us q ¨t .  .  .
s G x , y , u , ¨ , s, t . .
y2 3 5’Applying the area theorem for 1r f z s z q b rz q b rz q b rz . 1 3 5
q ??? , we have
< < 2 < < 2 < < 2b q 3 b q 5 b O 1. 2.16 .1 3 5
 .  .Substituting a s x q iy, a s u q i¨ , a s s q it, and 2.12 into 2.16 ,2 3 4
we conclude that
2 32 2 2 2 2 2G x , y , u , ¨ , s, t s 64 x q y q 108 x q y q 125 x q y .  .  .  .1
q 192 u2 q ¨ 2 y 288 q 600 x 2 q y2 .  . .
= ux2 y uy2 q 2 xy¨ q 320 s2 q t 2 . .
q 720 x 2 q y2 u2 q ¨ 2 q 400 x 3 y 3 xy2 s . .  .
y 960 xu y y¨ s q 400 t 3 x 2 y y y3 .  .
y 960 t x¨ q yu y 256 .
O 0. 2.17 .
 .In order to prove 2.15 , it is enough to prove G q G ) 0. We now write1
22 2 2 2G q G s 2304 q 1920 x q 384 x q y q 108 x q y .  .1
32 2 2 2q125 x q y q 720u q 229 u q ¨ . .
q720 x 2 q y2 u2 q ¨ 2 q 225 xu q y¨ .  . .
y 288 q 600 x 2 q y2 ux2 y uy2 q 2 xy¨ q 324 s2 q t 2 . .  . . 5
81
3 2q 2 s 200 x y 3 xy y 480 xu y y¨ q x q 13u q 135 . . 52
81
2 3q 2 t 200 3 x y y y y 480 x¨ q yu q y q 13¨ . . 52
s G x , y , u , ¨ q 324 s2 q t 2 q 2 sG x , y , u , ¨ .  .  .2 3
q 2 tG x , y , u , ¨ . .4
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Note that
324 s2 q t 2 q 2 sG x , y , u , ¨ q 2 tG x , y , u , ¨ .  .  .3 4
1
2 2P y G q G .3 4324
1 32 2 2 2 2 2s y 40000 x q y y 192000 x q y ux y uy q 2 xy¨ .  .  .324
q16200 x 4 y y4 q 230400 x 2 q y2 u2 q ¨ 2 . .  .
6561
2 2 2 2 2 2q x q y q 169 u q ¨ y 38880u x q y . .  .
4
q520 u x 3 y 3 xy2 q ¨ 3 x 2 y y y2 y 12480 x u2 q ¨ 2 . 4 .  .
q54000 x 3 y 3 xy2 y 129600 xu y y¨ . .
q1053 xu q y¨ q 10935x q 3510u q 18225 . 5
s G x , y , u , ¨ . 2.18 .  .5
This gives that
G q G P G q G1 2 5
8991 7545 6063 500
2 2 3 2s q x q x q y y x y 3 xy .  . 4 4 16 3
125 34 2 2 4 2 2q58 x q 216 x y q 158 y q x q y . 581
74027 1040 80
2 2 2 2q u q ¨ q x q x q y .  . 5324 27 9
100 650
4 4 3 2 2 2y 2u x y y q x y 3 xy q 84 x y 204 y .  . 27 81
2487 4255
y x y 58 12
200 650 713
2 2 2 3y 2¨ xy x q y q 3 x y y y q 288 xy q y .  . 527 81 8
s G x , y q u2 q ¨ 2 G x , y y 2uG x , y y 2¨G x , y .  .  .  .  .6 7 8 9
1
2 2P G G y G y G 2.19 . .6 7 8 9G7
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because G ) 0. Since7
10000 130000 227836154 32 2 2 2 6G G s x q y q x x q y q x .  .6 7 729 2187 26244
30559615 38335615 46111615
4 2 2 4 6q x y q x y q y
8748 8748 26244
20320 304640 284320 1652453
5 3 2 4 4q x q x y q xy q x
27 27 27 162
2034376 693803 1632220 11793760
2 2 4 3 2q x y q y y x q xy
27 162 243 81
309682807 184134007 223580465 8216997
2 2q x q y q x q
1728 1728 432 16
2.20 .
and
10000 130000 45049004 32 2 2 2 2 2 6G q G s x q y q x x q y q x .  .8 9 729 2187 6561
6448900 8392900 10336900
4 2 2 4 6q x y q x y q y
2187 2187 6561
25775 212450 238225 90703
5 3 2 4 4y x q x y q xy y x
27 27 27 162
1834144 6935567 14074036
2 2 4 3q x y q y y x
27 162 243
2372689 9767249
2 2 2q 178173 xy q x q y
64 64
3527395 18105025
q x q , 2.21 .
16 144
6535 15365 22 2 2 2 2 2G G y G y G s x q y q x x q y .  .6 7 8 9  536 9
96842 30098 460808
4 2 2 4 3q x q 7416 x y y y q x
9 9 9
2638253 61405051 19895429
2 2 2y xy q x y y
81 432 432
8021300 13961987
q x q . 2.22 .
27 36
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In view of
6535 15365 22 2 2 2x q y q x x q y .  . 536 9
24195
4 2 2 4P y x q 2 x y q y , 2.34 . .
9
we obtain that
54293 6118 2638253 19895429
2 2 4 2 2G G y G y G P y y q x y x y y6 7 8 9  /9 3 81 432
72647 460808
4 3q x q x
9 9
61405051 8021300 13961987
2q x q x q
432 27 36
s G x , y2 . 2.24 . .10
Letting y2 s w and writing
54293
2G x , w s y w q G x w q G x , .  .  .10 11 129
 .we see that the graph of G x, w as a function of w is a parabolic10
w x  .opening downward for each x g y2, 2 , so the inequality G x, w ) 010
needs to be verified only at the end points of the interval 0 O w O 4 y x 2.
This gives us that
G x , w P min G x , 0 , G x , 4 y x 2 . 2.25 .  .  .  . 410 10 10
But we know
6785525 733840 13510888 2891569
2 2G x , 4 y x s x q x q x q .10  /81 3 81 27
6242630 13510888 2891569
2P x q x q
81 81 27
P 16843. 2.26 .
and since
GX x , 0 P GX y2, 0 ) 0 .  .10 10
we have
G x , 0 P G y2, 0 ) 81770. .  .10 10
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 .Therefore, we get G x, w ) 0 and the desired result follows at once10
 .  .from 2.19 and 2.24 .
Thus, from the above, we complete the proof of our main theorem.
Finally, we point out that the elementary area theorem provides enough
information to prove our theorem in the cases n s 3 and n s 4. Along
similar lines, we are able to deal with the partial sums of the Alexander
 .integral operator R z given by
z f t .
R z s dt . H t0
 .and the function H z defined by
X
zf z . .
H z s . .
2
 .  .  . < <If f z g S, then S z, R and S z, R are starlike in z - 1r2, and3 4
 . < <S z,H is starlike in z - 1r6 for all n P 2.n
 .  . w x w xThe results for S z, R and S z, R are due to Li 5 and Rùnning 7 ,3 4
w x  .respectively. The result by Rùnning 7, Corollary 1 that S z, R is starliken
< <  .in z - 1r2 for n O 4, n P 6 and for f z g S can also be proved by using
the same method of this paper.
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